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RELIABLE WETWORKS FROM UNRELIABLE GATES WITH ALMOST MINIMAL COMPLEXITY

Dietmar Uhlig
IH Mittweida, Platz der DSF 17
Mittweida, 9250, DDR

ABSTRACT: We consider (combinatorial) networks constructed by
using wunreliable gates with a given error probability. We show that
for almost all Boolean functions f there are networks realizing f,
having almost the same error probability as the gates and having
almost the same complexity as the minimal (unreliable) networks reali-
zing f in case no gate has fajiled (having a very great error probabi~
1ity). This may be contrasted with results of 1.) von Neumann (1952),
2.) Dobrushin/Ortyukov (1977), 3.) Pippenger (1985) to the effect that
the number of gates needed 1.) for minimal (reliable) networks is
larger by at most a logarithmic factor than the number needed for
unreliable networks (51, 2.) for some Boolean functions is larger by
at least a logarithmic factor, 3.) for almost all Boolean functions is
a (very great) multiple of the number of gates for unreliable realiza-

tions.

1. Definitions and Dobrushin, Ortyukov and Pippenger's main results

To desceribe the main results of other authors in this field and
to formulate and sketch our theorems we need several definitions and
notations. Precise definitions of the (combinatorial) networks are
given in [4,8]. The networks are constructed by gates ¢ from a com—
plete set glof gates. TFor example, the set consisting of 2-input AND,
2-input OR and the NOT function is complete. A cost or weight (a
positive number), C@q), is associated with each of the gates U € gﬂ
The cost C(D) of a network D is the sum of costs of its gates. Let {
be an arbitrary Boolean function. We set ¢(£)=minC(D), where D ranges
over all networks realizing the function £ assuming no gate has fai-
led. Let us further suppose that each of the gates of the set g has an
error probability € (€ < 1/2), 1i.e. the probability of the event "the
gate does not realize the function according to it" is equal to €. Let
a = (a1,...,an) be any input vector of a network D. Ve define the
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error probability pE(D) according to input vector & and to network D
as the probability that network D for input vector ¥ does not compute
the value which it computes in case no gate has failed. The error
probability p(D) of a network D is defined as maxpg(D), where & ranges
over all input vectors of network D. We set C {f)=minC(D), where D
ranges over all networks realizing function f provided no gate has
failed and having error probabilities not greater than d*. Furthermore,
we define C(n)=maxC(f), Cd\(n)=maxCd~(f), where f ranges over all n-
argument Boolean functions.

We will use the following, notations:

a(n) ~ b(n) denotes a(n) = b(n)(’!ﬂ?n), where "?;1 20 if n 00,

a(n) = o(b(n)) denotes a(n) = «?’nb(n), where 1’;1 + 0 if n 30,

a(n) £ b(n) denotes that there is a constant c4 such that a(n) 4
cﬂb(n),

a(n) < b(n) denotes a(n) < b(n)(1+17;1), where 171,: +03if n 2o.

Further, loga denotes logza and lna denotes 1ogea.

If 44 is an arbitrary element of the given complete set, then we
consider number g(fg) defined as costs of elements divided by 1)(9')-—1,
where 0(1{) is the number of inputs of V¥f. let ¢ be the minimum of all
those numbers. We call the element for which we get this minimum the
"cheapest” element of set g Denote by Qn the set of all Boolear
functions of arguments X4,...,%Xy, and by Qn,cz_ its subset of all Boo-
lean functions with complexity C(f) # g(1—c2)2n/n. A well-known resuli
of 0.B. Lupanov [4] is the following (proved in 1958):

1. C(n)~ g2%/n. 1.
2. For each constant cp, cp € (0,1) IQn,czi = 0('in)

(i.e. "almost all'" functions have the complexity of the function witl]
the highest complexity).

For the reader's convenience let us assume that the set q con:
tains a gate 49, realizing the 3-argument majority function xy Vxz Vy
(having also error probability €). First assume é=const. R.L.Dobrushi:
and S.I. Ortyukov have shown in [1] if €<0.07 and 9> q(€) wher
q(€) is the minimum of the positive roots of the expression € +(1
E)(3q2—2q3)=q then there is a gonstant 03=03(5) such that for eac
network D there is a network D realizing the same function as
(provided no gate of D has failed), having error probability p(ﬁ)é
and complexity

¢(B) £ c4C(DIInC(D)  1f C(D) Fon. (

Dobrushin and Ortyukov have alsoc shown [{2] that there are an infinit
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number of Boolean functions f and a positive number c, such that
C(£) > ¢,C(£)InC(E).

N. Pippenger's main result [7] can be described as follows. There

exists a constant c¢sg (it seems to be very great) such that for every
£, £ e€q,

Cglf) < cs@2™/n

(i.e., for almost all Boolean functions the complexities of the relia-
ble realizations are only a multiple of the complexities of the unre-—
liable realizations).

S.I. Ortyukov [6] also considered error probabilities 5n with En +> 0
if n 0. Let €=€ , where £, 6(0,1/2) and

1Im n~’ log€, € -1. (3
Then for each constant cg>0 if é; * (1+cgl€, then
Cg (n)~ Cln)~ e2/n.
n

But (3) is a very strong and artificial restriction.

2. New results, sketch of proof

A few weeks ago the author of this paper prepared a publication for
the proceedings of the "International Workshop on Parallel Algorithms
and Architectures" [9] to be held in Suhl with a sketch of proof of a
theorem being called Theorem 2 in the presented paper. This Theorem 2
is a corollary of the following

Theorem 1. For each arbitrarily small positive constant
{ and any two sequences £, € (0,1/2) and é; € (0,1/2) where

£, >0,
g, * (1+PE,

if each network realizing a Boolean function of n variables consists
only of elements with an error probability not greater than En then

R3S e et ot s s i
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C&nﬁn)rv C(n) ~ §2n/n

(i.e., for almost all Boolean functions the complexities of the relia-
ble realizations are almost the same as the complexities of the unre-
liable realizations). ‘
Theoremnmn 2. For any arbitrarily small positive numbers c
and § there exists a number €', where €'€(0,1/2), with the property
that if 0 < € = €', if each element of the given complete set g has
an error probability not greater than € and if d 2 (1+y§5 (more
precisely, if d's q(€) (see Dobrushin/Ortyukov's Theorem [1])) then

Celnd) £ (1+¢)g2"/n ~ (1+e)C(n).

N o t e . Suppose the complete set 9} does not contain an
element realizing function xyvszyz. Then Theorem 1 and 2 would remain
valid if we take J (respectively 6}]) as follows:

& > (1+te (&, 2 (1+pPLe), where § is the minimal number of

elements which are sufficient to realize this function.

The method of realization of Boolean functions satisfying Theorem
1 is almost the same as for functions satisfying Theorem 2, but some
of the parameters are chosen in another way and the estimation of the
error probability of the networks is more difficult. In our method we
shall use modifications of the methods of other authors, namely
Kirienko's construction of so-called self-correcting networks [31,
Ortyukov's idea of construction and estimation of probabilities
(6], Lupanov's general method of realisation of Boolean functions {4]
and Dobrushin/Ortyukov's method [1].

let y be an arbitrary Boolean variable or Boolean function. Denote
Kq(y)=y, K,(y)=y. If £ = (6’,...,6;) is an arbitrary Boolean vector,
then by Kg(y1,...,yu) we denote the conjunction ng(yﬁ)...Kquyu) and
by |&| denote 6;2“‘1+6;_12u“2+...+6J.

If we have to compute the function f(xq,...,xn) we will represent

it by
F(Xgy0enyxy) = Y K;(xm+1,...,xn)f(x1,...,xm,¢m+1,...,dn), ()
&

where & denotes Boolean vector Gum+1""’dh)' Let us take Boolean
functions g4,...,8] of m variables such that for every Boolean vector
a'=(aq,...,a,;) the vector E(E')=(g1(5'),...,gL(E')> is a BCH code
vector of vector

F(E1) = £(81,0, 00y 0) 50 eey ECET jdpiqaeney®)ye e, £(E 1,000, 1))
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correcting R = R(L) errors, where L, R and m are parameters depending
on n in such a manner that
L Ngn_my n~~m (3

and that R is sufficiently large. The network A realizing function f
consists of subnetworks Ayy,...,A,; and Xg, where Ayy,...,Ayp realize
the functions g4,...,8] and where XQ for each input vector
g=(a1,...,a ) according to the output vector of the networks
A11,...,A1L (assuming at most R of them has failed and supposing X2
itself computes correctly) will determine vector f(a ) and will put
out £(&) to it.

Let us consider the event Ep = "more than R of the networks A1j,
j=%,...,L, has failed". The networks A1j are constructed in such a way

that the sum of complexities of all of them is

L

J2_10(A1j) ~ @2%/n (6)
and that

Pr(ER) £ (#/2)%,, )

(}'is the _constant of Theorem 1.)
Network A2 has an error probability not greater than (1+}p/2)€,. Then
by (7) we obtain that the error probability of network A satisfies
Theorem 1. Expression (7) is satisfied if each network A1j will be
realized independently of A4y, 1+j, with error probability at most
(07+N2)6h, where ¢ 1is a sufficiently great constant and where N2
sufficiently slowly tends to infinity. Function Np depends on n and is
equal to the number of elements of a network later used in our con-
struction.

For our construction we need a more precise inequality than (2)
already used by Ortyukov [6] (It follows from [(11):

0(B) £ ¢50(DIInC(D) + 0(C(D)) + 0((1n(1/6))1083, (8)

if C(D) » o, € 5 0.

To construct network A2 we firstly consider an other network As
realizing the same Boolean function as Ag provided no gate has failed.
(The error probability may be very great. ) It con51sts of networks Apq
and Aop. Network Apq puts out the vector f(a ) to BCH code vector
E(;') It is well-known that it can be realized with complexity C(A21)
& L4. Network Ao, realizes the Boolean function Kdﬂxm+1,...,xn)y.

bbb o e
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Obviously, C(Apsn) - 21~M . Thus,

C(A2> = C(A21) + C(Azg) £ (see (5)) 24<n"m>.

N

By this and by (5) and (8) follows C(Ap) = o(2"/n).

The construction of networks A1j is very complicated.

Suppose that the reader is familiar with Lupanov's general method
of realization of Boolean functions f(x1,...,xn) with complexities
given by (1).

Each of the A1j realizes a Boolean function of m variables. It is
constructed in such a way that its error probability is not greater
than (c7+N2)€n and that nethertheless the complexity is e(1+o(m))2"/m,
ffom which follows (6) by (5). Network Ay consists o£ a subnetwork
A1j1, of a lot of subnetworks A132 and of a subnetwork A1j3. (Together
with a short description of Lupanov's method these networks are des—
oribed in a more detailed way in [9], but for the proof of the presen—
ted Theorem 1 the parameters must be chosen in an other way, especial-
ly Np 2 ® instead of N2=const.) Instead of a network having many
inputs and realizing a conjunction we take network K1j3. This network
has special properties. To each of its inputs there exists exactly one
network A1j2 the output of which is connected with the corresponding
input. If A1j computes correctly, then only one of the networks A132
may put out the signal 1, if it does not compute correctly, then there
may be more than one signal 1. Network KEJB is constructed in such a
way that it puts out the signal being exactly on one of its inputs
with an error probability at most 2€,, that C(E133)=0(2m/m) and that
the selection of the input depends on the input vector of network A,

The "main" networks in Lupanov's construction consist only of
“"cheapest" elements which are connected in such a way that the number
of inputs is a maximum. The networks A1j2 are our "main" networks.
Bach of +them in turn consists of a network A1j22 with N1 inputs and
error probability mnot greater than 26n and consists of Ny networks
A1j21 being "main: networks in Lupanov's construction and hgving N2
inputs. Network Agg4pp 1is constructed in such a way that C(A1322) =
o(N1'C(A1j21)) if Ny 200, Ny o> and that for each input vector of
A1j any false input signal, in most cases, do not affect a false
output signal. More precisely, if the input signals which are indepen—
dent to each other are false with a probability of at most 4€n, then
the probability of a false output signal is not greater than (c7+N2)€n
and expression (7) is satisfied. The network X1j1 contains a lot of
subnetworks having an error probability of at most 4B, and realizing
Boolean functions analogous to the functions used by Lupanov's method.
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For the complexity we have C(’K131) = o(2%/m).

3. Networks from unreliable and reliable gates

Now we will characterize so—called r-self-correcting (combinato-
rial) networks. Let (70 be a complete set of reliable gates. These
networks consist of elements of %7 and of g and are constructed in
such a way that the failure of any r' (r' £ r) of its elements taken
from does not effect its correct operation.

Let CF(n) be defined for r—self-correcting networks analogous to
C(n). G.I. Kirienko has shown in [3] that if r=2°(n), then

¢T(n) ~ ¢2%/n (9

(g =§((4), i.e. the costs of elements of gO may be very high) and
the author of this paper has shown in [10] that if 70 is a complete
set networks containing cgr reliable gates of qo (where cg 1is a
sufficiently large positive number) and satisfying (9) can Dbe con-
structed and that, on the other hapd, cqgT (09 > Q) reliable gates of
(?0 are needed [11].

Using a small number of reliable gates (with error probability
equal to 0, where the costs of the reliable gates may be very high) we
obtain the following

Theorem 3. Suppose, additional to (y, there is a complete

set of (reliable) gates (7 0-
Then for any arbitrarily small positive numbers ¢ and q there exists a
number €', where ' € (0,1/2), with the property that if 0¢ €= €'
and if each element of the given complete set 0] has an error probabi-
1ity not greater than € and if dJd 2 p then

Cgln) £ (1+¢)¢2"/n ~ (1+¢)C(n).
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